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Ramsey numbers similar to those of van der Waerden are examined. Rather than 
considering arithmetic sequences, we look at increasing sequences of positive integers 
{x1, x2, l l l I x,,} for which there exists a polynomial f(x) = &,aixi, with a, E 2 and 
Xj+l =f(Xj). We denote by p,(n) the least positive integer such that if [I, 2, . . . , p,(n)] is 
2=colored, then there exists a monochromatic sequence of length n generated by a polynomial 
of degree SC We give values for p,(n) for n s 5, as well as lower bounds for p,(n) and p,(n) 
We also give an upper bound for certain Ramsey numbers that are in between p,_*(n) and the 
nth van der Waerden number. 
One of the main problems in Ramsey theory is estima%x of the van der 
Waerden numbers. The van der aerden umber w(n) is defined to be the least 
positive integer which guarantees that if [1,2, . . . , w(n)] is partitioned into two 
sets, then one of the two sets contains an arithmetic progression of length 12. Van 
der Waerden [9] proved the existence of w(n) for all positive inte 
Chv&al computed w(3) =9 and w(4) = 35, and in [8] Stevens a 
found w(5) = 178. These are the only known nontrivial exact valtues of I. All 
known proofs of van der Waerden’s theorem yield upper bounds on w(n) that are 
so weak that they are not even primitive recursive functions of it. 
In [6], Landman found reasonable upper bounds on amsey numbers 
analogous to w(n) by considering a larger class of sequences than the class of 
arithmetic progressions: namely those generated by iteration of a polynomial 
function with integer coefficients. Since this larger class has csrdiaality not 
greater than the class of arithmetic progressions ( ee [6]), it seems likely that 
having more information about these other numbers will ultimately give some 
information on the van der 
e following termin 
78 B.R. Landman, R.N. Greenwell 
{ x1.9 x2, l l l 9 x,,), and call f a pr-function. A seque~e is a p-sequence if it is a 
p,-sequence for some I, A t-sequeme Q < length n is z. p,_,-sequence X of length n 
satisfying at least one of the following: (i) the first n - 1 terms of X form an 
arithmetic progression, or (ii) if z:Zz six’ is the polynomial which generates X, 
then a,_2 s n - 2. The symbol a(n) will denote the least posit& integer which 
guarantees that if [ 1, a(n)] is 2-colored, then there exists b: monochromatic 
cu-sequence of length n, where cu-sequence refers to any type of sequence under 
consideration (e.g. ~~(3) =7 means that whenever [1,7] is 2-colored, then there 
must be a monochromatic pl-sequence of length 3, and that 7 is the least positive 
integer having this property.) Finally, we will define a coloring to be cu-valid if the 
set under consideration contains no monochromatic cw-sequences. 
The algorithm we have used to compute generalized Van der Waerden 
numbers i similar to Algorithm I3 of Beeler and O’Neil [l], modified to correct a 
minor error and to take advantage of our use of only two colors. 
Our algorithm to find ar(N) is as follows: 
1) Initialize ALPHA to 1, COUNT to 1, and ~(COIJNT) to 0. 
2) If the current coloring is valid, increase COUNT by 1, let ~(COUNT) = 0, and 
go to Step 2. Otherwise, go to Step 3. 
3) If COUNT >ALPHA, let ALPHA = COUNT. 
4) If ~(COUNT) = 0, go to Step 5. Otherwise, go to Step 7. 
5) Let ~(Cornu~) = 1. If the coloring is valid, increase COUNT by 1, let 
~(COUNT) =-0, and go to Step 2. Othwerwise, go to Step 6. 
6) If COUNT= ALPHA, decrease COUNT by 1. Otherwise, find the values of 
CULPRIT (explained below) colored 0 and colored 1, and let COUNT be the 
maximum of the two. Go to Step 7. 
7) Find the greatest number colored 0 that is less than or equal to COUNT. If
this number is 1, then stop. Otherwise, let COUNT equal that number, let 
~(COUNT) = 1, a.nd go to Step 1. 
enever a coloring is invalid, there must be a monochromatic a-sequence 
) xNml, xN}- Then x~+ is CULPRIT referred to above. 
In searching for valid colorings, we first searched for arithmetic sequences of
nding none, we look for pl-sequences of length N, which look like 
d + ad, . . . , x + d + ad + e l 9 +- aN-‘d} (see [6]). When computing 
r 2 2, we next look for p2-sequences. It is found by inspection that 
gth 5 that are contained in [l, 801 (where the values of p,(5) are 
Va!ue~ and bountis for Ramsey numbers 79 
fGl-iES: (,-,~~P,x+z,x+3,n+SO}; {x,x+1,x+2,x+3,x+16}; {x,x+1, 
x+2,x+3,x+22}; and {x,x+2,x+4,x+6,x+%). were also able to 
reject most cohxings that included four numbers in a row of the same color 
because of the following theorem: 
OS If a 2-coloring of [I, m] has no monochromatic p,-sequence of 
length n + 2, ’ then there does not exist a monochromatic sequence (x, x + 
1 9 l l l 9 x+n} forallxsuch thatx+n<m-(n+l)! 
Proof. Let [I, m] be 2-colored. Assume {x, x + 1, . . . , x + n} c [1, m - (n + 
l)! - l] is c&red 0 and x + n Cm - (n + l)! Then 
x+n+l+(n+l)nz(n-i)Gm-(n+l)!+(n+l)j&n-i)=m. 
i=Q i-0 
Thus 
Sk = 
t 
x,x+1,... ,x+n,xfn+l+(k-1) 
i=O 
(n - i)) c [1, m], 
fork=l,...,n+2. 
Also, we know that Sk is a p,-sequence of length n + 2 (see Lemma 1 below). If 
the last element in any Sk is colored 0, then 11, m] cont?ir!s a p,-sequence of 
length n + 2 colored 0. Otherwise, all these elements form a p,-sequence Gf 
length n + 2 C&red 1. q 
Using the algorithms of the previous section, we have found the following 
values of-p,(n): 
r/n 2 3 4 5 
1 3 7 23 76 
2 3 7 20 72 
3 3 7 20 67 
Note that pJn) =p&n) for r 3 n - 2, since it is known that p(n) =p&n) (see 
PI) 8se values for n S 4 tire found virtually instantaneously b
u&g ‘Furbo- 
co 
ascal on an I -PC, ~~(5) took 19.5 days, p*(5) too 
P3 took 35.5 hours. 
r n S 5, t(n) =p&n), since all pn_2-se ces 0 are a 
t-sequences in [ 1, p,,_2(n)] when n s 5. 
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o ~~$)-valid colorings of length 6: 
ere is only one pI(4)=valid coloring of length 22: 
p2(4)-valid colorings of length 19. Four of these are of the 
$0 
e other 0 are: 
and 
ere are four ~I(S)-vaSd colorings of length 75: 
11110110 
111011011a01100101 
ere are 190~2(5)-valid colorings of length 71, which we shall not list here. 
ere are four p,(S)-valid colorings of length 66: 
n this section we give upper bounds for p&n) and t(n), as well as lower 
ounds on p&z) and p&z). 
The foliowing theorem is proven in [6]. 
than arithmetic 
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and {x1, . . . , x,-~) be a p,-3-sequence generated by the 
en for each noaz,negative integer j, 
i=l 
is a p,-2-sequence generated by 
n-2 
b$, where b,_z = j. 
i=O 
x~} is a p,_2-sequence generated by the p,,-2-jimction f, 
From now on, we let (Xn-l- Xii). 
The theorem is true for n = 3 because t(3) =p1(3) = 7. 
theorem by induction on H. 
If n > 3, 2-color [l, n ! (n - l)!c”-‘)!n] using re y Theorem 1, 
11, (n - 1) @-“)!n] contains a monochromatic pn_3-sequence of length PZ - 1, say 
1 X1,. l l ,X*-l)* Suppose it is red and generated by the P*_~- 5unction $ Let 
1 
i 
A = f (&-I)9 f ha-l) + ? 4 l l *f(&-1) + (n -2) 
x x 
} = {?)I, l l l 9 Yn-I>, 
and 
B = 
t 
f(X*-*) + (# - 1) 9 f(x*-1) + (n - 1) 
x 
f(X*_1) + (n - lj 
x 
consider three cases. 
Cme 1. Some element A is red, say f(Xn-1) + j 
t Xl,= l l ?&-I, fCxn-i) + } is a red t-sequence of len 
Case 2. All elements of A are blue and some member of is blue. Ihen for some 
kE[O,tl-l], {yl, l l l py*-*,yfg-I+ } is a the pn-2’Seq 
first n - I terms for ogression, and he 
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monochromatic t-sequence of length FI in 
]. Therefore by Lemma 2, 
Note that fly = (~2 - 2)! 
As far as lower bounds are concerned, Erdiis and ado [3] showed that 
w(n) 3 J/%ZF (1 - n(l))_ 
roof of this result which appeared in [4, Chapter 61 involves a counting 
argument on the number of different arithmetic progressions of length JT which 
are contained in [l, 1~~1 and a graph-theoretic result due to Schmidt [7] $ which 
says (for our purposes) that if q(n) is the number of a-sequences of length n 
[I, m], where m 3 a(n), then 
q(n) 2 2”(1+ 2n-l)-‘. 
rom now on, IV@, n, m) will denote the number of different a-sequences 
length n which are contained in [1, m]. 
Using counting techniques similar to those of Erdiis and Rado, we find that 
n, m) G a(m2 - l)@ ‘) + &z - l)t, 
i=l oi 
where t is the grzatest integer such that zy:t t’ s m and 0, = Ciri ik, and 
?i(p2, n, _m) 
a=1 d=l k=l 
en, using the theorem of Schmidt, we obtain the following lower bounds 
ann zeta function of k: 
0 a 
in 
of 
on 
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as been observed (see 15, G ter 31) that the nown values of w(n) are 
observe here that the known Y&ZZ of p,(n) for 
also observe that for a 
e or generalized van der 
ber of l’s ard the 
cu(n)-valid string 
O’s by at most 2n - 5. 
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